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Collective modes of an anisotropic hot QCD medium have been studied within the semi-classical
transport theory employing Bhatnagar-Gross-Krook (BGK) collisional kernel. The modeling of the
isotropic medium is primarily based on a recent quasi-particle description of hot QCD equation
of state where the medium effects have been encoded in effective gluon and quark/anti-quark
momentum distributions that posses non-trivial energy dispersions. The anisotropic distribution
functions are obtained in a straightforward the way by stretching or squeezing the isotropic ones
along one of the directions. The gluon self-energy is computed using these distribution functions in
a linearized transport equation with Bhatnagar-Gross-Krook (BGK) collisional kernel. Further, the
tensor decomposition of gluon self-energy leads to the structure functions which eventually controls
the dispersion relations and the collective mode structure of the medium. It has been seen that
both the medium effects and collisions induce appreciable modifications to the collective modes
and plasma excitations in the hot QCD medium.
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I. INTRODUCTION
The matter at extreme conditions of tempera-
ture/energy density behaves more like a near perfect fluid
with the smallest value of the shear viscosity to entropy
ratio among almost all the known fluids in nature. This
fact is strongly supported by the experimental observa-
tions at RHIC, BNL [1], and LHC, CERN [2]. In partic-
ular, the robust collective flow phenomenon and strong
jet quenching both at RHIC and LHC indicate towards
the strongly coupled nature of this medium which is com-
monly termed as quark-gluon-plasma (QGP). Also, the-
oretical investigations based on various approaches start-
ing from kinetic theory to holographic theories also hint
towards a tiny value for the shear viscosity to entropy
density ratio for the QGP/hot QCD matter [3, 4].
Among a few other interesting observations, suppres-
sion of quarkonia yields at high transverse momentum ob-
served in these experiments highlight the plasma aspects
of the medium such a color screening [5], landau damp-
ing [6] and energy loss [7]. In a hot QCD medium/QGP,
such aspects can be explored in terms of gluon polar-
ization tensor or self-energy of the medium that helps
in exploring the spectrum of the collective excitations
of the medium. The collective excitations carry crucial
information about the equilibrated QGP and also pro-
vide an information on the temporal evolution of the
non (near)-equilibrated one. In the present manuscript,
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a collisional anisotropic QGP is considered where the col-
lisions are governed by BGK kernel. The prime reason
to consider the anisotropy (momentum) is due to the
fact that it has been there in all the stages of heavy-
ion collisions. The BGK collision kernel ensures the lo-
cal number/current conservation. Therefore, it is always
wise to consider BGK over the RTA (relaxation-time -
approximation) while incorporating the collision in the
theory.
The collective excitations of the hot QCD medium
have been studied by several groups [8–12]. The results
are obtained either by employing linearized semi-classical
transport theory or Hard-Thermal-Loop (HTL) effective
theory upto one-loop in weak coupling limit. The two
approaches reached to the same results [13–16] for the
gluon self-energy and collective modes. Apart from that
there have been a few works where the collisional aspects
of the QGP have been included either with RTA [17] or
BGK collision term [18–20] while considering isotropic
as well as anisotropic aspects of the medium. In either
of the approaches, the dispersion equations are obtained
from the gluon polarization tensor depicting the condi-
tions that reflects the existence of solutions of the homo-
geneous equation of motion (the Yang-Mills equations).
It is important to note that the hot QCD plasma (in
the abelian limit) do possess collective excitations [21]
that could be seen as a straightforward generalization of
hot QED plasma ( the difference is only in the effective
coupling constant). The collective excitations (gluonic
collective modes) that are commonly termed as plasmons
have been investigated in isotropic/anisotropic hot QCD
medium in Refs. [22–25]. The distribution functions for
partons employed to explore different aspects of QGP
are briefly discussed in [26–30]. In most of these studied,
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2QGP has been considered as the ultra-relativistic non-
interacting gas of quarks, anti-quarks, and gluons which
is certainly not desired because of the strongly coupled
nature of QGP in experiments.
The present analysis is the extension of the work in
Ref. [11], where the collective excitations of collision-
less anisotropic plasma for the different equations of
state(EoSs) have been studied. We shall focus on the
effect of collisions by incorporating the BGK collisional
kernel. It is important to mention that in Ref. [20] the au-
thor also have studied the collective modes of anisotropic
QGP in presence of BGK collisional kernel. However,
they have analyzed only the those modes which are prop-
agating in the direction of anisotropy vector. In their
analysis of zeros of the propagator they found two modes
of propagation, out of which one can be unstable. The
main purpose of our analysis is to study this situation
with more generality. We allow the modes to propagate
in all possible directions with respect to anisotropy vec-
tor. Apart from that, we also consider the effective de-
scription of the hot QCD medium within the framework
of effective fugacity quasi-particle model (EQPM). In the
small anisotropy limit, while considering all the possible
directions of propagation with respect to anisotropy vec-
tor, we find that there exists three modes. Out of these
modes, two can be unstable. We also showed that the ef-
fect of lattice and HTL inspired non-ideal EoSs can also
significantly change the dispersion characteristic. When-
ever possible, we have compared our results with those
of in Ref. [20].
The main work of the present manuscript includes,
(i) detailed analysis of the stable as well as unstable
modes and their dependencies on wave vector, strength of
anisotropy and collisional frequency, (ii) studying small
anisotropy with full angular dependence, (iii) the criti-
cal dependence of unstable modes on the collisional fre-
quency, the angle between the propagation vector and
anisotropy direction, wave vector has been investigated
by obtaining their maximum allowed values while fix-
ing the other two respectively for various values for
anisotropy parameter.
The paper is organized as follows. In section II, We
shall give a brief derivation of gluon self-energy while
considering the BGK collisional kernel. The modeling
of hot QCD medium for the isotropic case as well as the
anisotropic case is shown in the sub-section II A. A simple
decomposition of gluon self-energy in terms of structure
functions and their forms in weak anisotropy limit will be
presented in the different sub-sections II B. In section III,
we shall give a brief mathematical structure of the disper-
sion relations which we used to study different collective
modes. Section IV contains the discussions of results. In
section V, we offer the summary and conclusions of the
present work as well as the possible future aspects.
II. GLUON SELF-ENERGY/POLARIZATION
TENSOR IN QCD PLASMA WITH BGK
COLLISIONAL KERNEL
Gluon self-energy/polarization tensor (Πµν) carries the
information of QCD medium as it describes the interac-
tions term in the effective action of QCD. We are inter-
ested here in obtaining the expression for Πµν in the pres-
ence of collisions. To start our calculation, we shall focus
on the physics at soft scale, k ∼ gT  T , g is the strong
coupling constant. At this scale, we can assume the
strength of field fluctuations, A to be O(
√
gT ), and the
derivatives ∂x of O(gT ). Applying this power counting
scheme we can restrict ourself to the abelian limit by ne-
glecting the non-abelian term. This is because in the field
strength tensor, Fµν = ∂µAν − ∂νAµ − ig [Aµ, Aν ], the
order of the non-abelian term is O(g2) which is smaller
than the order O(g3/2) of first two term in Fµν(x).
In the abelian limit, the linearized semi-classical trans-
port equations, also given in refs.[8]-[24], can be written
separately for each color channel[19, 20] as,
vµ∂µδf
i
a(p,X) + gθivµF
µν
a (X)∂
(p)
ν f
i(p) = Cia(p,X),
(1)
where, xµ = (t,x) = X and vµ = (1,v) = V , are the four
space-time coordinate and the velocity of the plasma par-
ticle, respectively with v = p/|p|. θi ∈ {θg, θq, θq¯} and
have the values θg = θq = 1 and θq¯ = −1. ∂µ, ∂(p)ν are
the partial four derivatives corresponding to space and
momentum respectively. Cia(p,X) is the collision term
which describes the effects of collisions between hard par-
ticles in a hot QCD medium. We consider Cia(p,X) to be
BGK-type collision term [18–20, 31], given as follows,
Cia(p,X) = −ν
[
f ia(p,X)−
N ia(X)
N ieq
f ieq(|p|)
]
, (2)
where,
f ia(p,X) = f
i(p) + δf ia(p,X), (3)
are the distribution functions of quarks, anti-quarks and
gluons, f i(p) is equilibrium part while δf ia(p,X) per-
turbed part of the distribution function. The particle
number N ia(X) and its equilibrium value N
i
eq are defined
as follows,
N ia(X) =
∫
d3p
(2pi)3
f ia(p,X) , (4)
N ieq =
∫
d3p
(2pi)3
f ieq(|p|) =
∫
d3p
(2pi)3
f i(p), (5)
ν is the collision frequency. The BGK collision term [18]
describes equilibration of the system due to the collisions
in a time proportional to ν−1. We consider the collision
frequency ν to be independent of momentum and par-
ticle species. Note that if we take the ratio
Nia(X)
Nieq
to
be one we can see that collision term is the same as in
3the relaxation time approximation (RTA). BGK kernel is
important in the sense that it can conserve the particle
number instantaneously in contrast to RTA kernel. This
implies that, ∫
d3p
(2pi)3
Cia(p,X) = 0. (6)
The induced current is given by [15, 19, 20, 24]
Jµind,a = g
∫
d3p
(2pi)3
V µ{2Ncδfga (p,X) +Nf [δfqa(p,X)
− δf q¯a(p,X)]}. (7)
Now the using eqs.(4), (5) and (2) we write the linearized
transport equation (1) as follows,
vµ∂µδf
i
a(p,X) + gθivµF
µν
a (X)∂
(p)
ν f
i(p) =
(8)
ν
(
f ieq(|p|)− f i(p)
)− νδf ia(p,X)
(9)
+
νf ieq(|p|)
N ieq
(∫
d3p′
(2pi)3
δf ia(p
′, X)
)
. (10)
Now taking the Fourier transform of above equation we
can get,
δf ia(p,K) =
−igθivµFµνa (K)∂(p)ν f i(p) + iν(f ieq(|p|)− f i(p)) + iνf ieq(|p|)
(∫
d3p
(2pi)3 δf
i
a(p
′,K)
)
/Neq
ω − v · k + iν , (11)
where, δf i(p,K) and Fµν(K) are the Fourier transforms
of δf i(p,X) and Fµν(X), respectively. Note that we
use definition of Fourier transform of a function F (X) =
∫∞+iσ
−∞−iσ
dω
2pi
∫
d3k
(2pi)3 e
−iK·XF (K). Where K = kµ = (ω,k)
Now taking the Fourier transform of the induced current
and substituting the the value of δfga (p,X), δf
q
a(p,X)
and δf q¯(p,X) from the Eq.(11) one can get the induced
color current to be of the form,
Jµind a(K) = g
2
∫
d3p
(2pi)3
vµ∂(p)ν f(p)Mνα(K,V )D−1(K,v, ν)Aαa + giν{2NcSg(K, ν) +Nf (Sq(K, ν)− S q¯(K, ν))}
+g(iν)
∫
dΩ
4pi
vµD−1(K,v, ν)
∫
d3p′
(2pi)3
[
g∂(p
′)
ν f(p
′)Mνα(K,V ′)D−1(K,v′, ν)W−1(K, ν)Aαa
+iν(feq(|p′|)− f(p′))D−1(K,v′, ν)
]
W−1(K, ν) , (12)
where,
f(p) = 2Ncf
g(p) +Nf
[
fq(p) + f q¯(p)
]
, (13)
feq(|p′|) = 2Ncfgeq(|p′|) +Nf
[
fqeq(|p′|) + f q¯eq(|p′|)
]
,
(14)
Mνα(K,V ) = gνα(ω − k · v)−Kνvα , (15)
D(K,v, ν) = ω + iν − k · v , (16)
Si(K, ν) = −
∫
d3p
(2pi)3
vµ[f i(p)− f ieq(|p|)]D−1(K,v, ν) ,
(17)
W(K, ν) = 1− iν
∫
dΩ
4pi
D−1(K,v, ν) . (18)
Using the relation Πµνab (K) =
δJµind a(K)
δAbν(K)
one can obtain
the polarization tensor as follows,
Πµνab (K) = δabg
2
∫
d3p
(2pi)3
vµ∂
(p)
β f(p)Mβν(K,V )
×D−1(K,v, ν) + δabg2(iν)
∫
dΩ
4pi
vµ
×D−1(K,v, ν)
∫
d3p′
(2pi)3
∂
(p′)
β f(p
′)
Mβν(K,V ′)D−1(K,v′, ν)W−1(K, ν).
(19)
4Now the Maxwell’s equation can be written as,
−ikνF νµ(K) = Jµind(K) + Jµext(K). (20)
Here Jµext(K) is the external current. The induced cur-
rent Jµind(K) can be expressed in terms of self-energy
Πµν(K) as follows,
Jµind(K) = Π
µν(K)Aν(K). (21)
The Eq.( 20) can also be written as,
[K2gµν − kµkν + Πµν(K)]Aν(K) = −Jµext(K). (22)
Now we make a choice of temporal gauge A0 = 0. In
this case we can write the above equation in terms of a
physical electric field as,
[∆−1(K)]ijEj = [(k2 − ω2)δij − kikj + Πij(K)]Ej
= iωJ iext(k), (23)
where,
[∆−1(K)]ij = (k2 − ω2)δij − kikj + Πij(K), (24)
is the inverse of the propagator. The dispersion equations
for collective modes can be obtained by finding the poles
of propagator [∆(K)]ij . Next, we will discuss the Quasi-
particle picture of the hot isotropic medium.
A. Quasi-particle description of Isotropic hot QCD
medium
As mentioned earlier, the isotropic/equilibrium state of
the QGP has been done within an effective quasi-particle
model that describes hot QCD regarding temperature
dependent effective fugacity parameters for the gluons
and quark/anti-quarks [32, 33]. This model is denoted as
EQPM (effective fugacity quasi-particle model) here. It
is to be noted that there are various quasi-particle models
proposed to describe hot QCD medium effects, viz. ef-
fective mass models [34, 35], effective mass models with
Polyakov loop [36], NJL and PNJL based effective mod-
els [37], and the EQPM and recent quasi-particle models
based on the Gribov-Zwanziger (GZ) quantization results
were leading to non-trivial IR-improved dispersion [38].
These quasi-particle models have shown their utility
while studying transport properties of the QGP [39–
44]. Further, thermal conductivity has also been con-
sidered, in addition to the viscosities [40], again within
the effective mass model along with electrical conductiv-
ity parameter for the QGP [45], within EQPM by Mitra
and Chandra [41] estimated the electrical conductivity
and charge diffusion coefficients employing EQPM. The
EQPM has also been applied to study heavy-quark trans-
port in isotropic [46] and anisotropic hot QCD medium
[47] along with quarkonia in hot QCD medium [48, 49]
and dileptons in the QGP medium [50, 51]. An impor-
tant point to be noted here is that the above models
calculations were not able to correctly reproduce the η
and ζ that are phenomenologically extracted from the
hydrodynamic simulations of the QGP [3, 4], consis-
tently agreeing with different experimental observables
at RHIC. Earlier, we considered the EQPM description
of a (2+1)-flavor lattice QCD EoS [52] (LEoS) . In present
work, we have updated the model with the 3-loop HTL
perturbative EoS (NNLO HTLpt EoS) that has recently
been computed by N. Haque et, al. [53, 54] and agrees
remarkably well with the recent lattice results [55, 56],
and very recent (2+1)-flavor lattice EoS by Bazabov et.
al [55].
The basic quantities that we need to set-up the lin-
earized transport equation are,
• The quasi-particle distribution functions with
EQPM, feq ≡ {fg, fq} (describing the strong inter-
action effects in terms of effective fugacities zg,q):
fg/q =
zg/q exp[−βEp](
1∓ zg/q exp[−βEp]
) , (25)
where Ep = |p| for the gluons and
√
|p|2 +m2q for
the quark degrees of freedom (mq denotes the mass
of the quarks). Since the model is valid in the de-
confined phase of QCD (beyond Tc), therefore, the
mass of the light quarks can be neglected as com-
pared to the temperature.
• The dispersion relation both in the gluonic and
quark sectors:
ωg/q = Ep + T
2∂T ln(zg/q). (26)
• The Debye mass parameter (mD) and the effective
coupling are other important quantities that are
needed in our analysis throughout. Following the
definition of mD derived in semi-classical transport
theory [13, 14, 57] given below in terms of equi-
librium gluonic and quark/anti-quark distribution
function can be employed here,
m2D = −4piαs(T )
(
2Nc
∫
d3p
(2pi)3
∂pfg(p)
+ 2Nf
∫
d3p
(2pi)3
∂pfq(p)
)
, (27)
where, αs(T ) is the QCD running coupling constant
at finite temperature [58]. Employing EQPM, we
obtain the following expression,
m2D
l
= 4piαs(T )T
2
(
2Nc
pi2
PolyLog[2, zlg]
− 2Nf
pi2
PolyLog[2,−zlq]
)
. (28)
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FIG. 1. Real A-mode dispersion curve for various EoSs at ξ = 0.2, Tc = 0.17GeV and T = 0.25GeV at different ν.
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FIG. 2. Real G1-mode dispersion curve for various EoSs at ξ = 0.2, Tc = 0.17GeV and T = 0.25GeV at different ν.
where l denotes different EoSs employed here with
zg/q → 1, corresponds to LO or ideal EoS. The ef-
fective coupling constant within EQPM that can be
read off from the expression for the Debye mass [11]
as,
αeff ≡ αs(T )g(zg, zq), (29)
where,
g(zg, zq) =
2Nc
pi2 PolyLog[2, zg]− 2Nfpi2 PolyLog[2,−zq]
Nc
3 +
Nf
6
.
(30)
In the next sub-section, we will discuss the calcula-
tion of gluon self-energy while incorporating the BGK-
colliosional kernel.
B. Calculation of gluon self-energy
In order to describe the anisotropic hot QCD medium
we follow the arguments of Ref. [24] where, the
anisotropic distribution function was obtained from a
isotropic distribution function by rescaling (stretching
and squeezing) of one direction in the momentum space
as follows.
f(p) ≡ fξ(p) = Cξf(
√
p2 + ξ(p · nˆ)2). (31)
where, nˆ is an unit vector (nˆ2 = 1) showing the direction
of momentum anisotropy. Cξ is the normalization con-
stant. ξ is the anisotropy parameter which describes the
amount of squeezing(ξ > 0) or stretching(−1 < ξ < 0) of
the distribution function in the nˆ direction.
Some authors have considered Cξ to be unity [24] and
later on they normalize anisotropic number density to
the isotropic one [25]. We want Debye mass to remain
undisturbed with the effects of anisotropy so that the
effects of various EoSs can be seen clearly. Hence we
normalize the Debye mass, also done in Ref. [59], we get,
Cξ =
√|ξ|
arctan
√|ξ| . (32)
Thus, the Debye mass is not going to get affected by
anisotropy but only contains the effects of various EoSs.
In small-ξ limit Cξ can be written as,
Cξ = 1 +
ξ
3
+O(ξ2). (33)
Now writing down the equation for the self-energy (19)
in temporal gauge for anisotropic hot QCD medium with
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FIG. 3. Real G2-mode dispersion curve for various EoSs at ξ = 0.2, Tc = 0.17GeV and T = 0.25GeV at different ν.
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FIG. 4. Imaginary A-mode dispersion curves for various EoSs at ξ = 0.2, Tc = 0.17GeV and T = 0.25GeV at different ν.
quasi particle description and making a change of vari- able as p˜ ≡√p2 + ξ(p · nˆ)2, we can obtain the following
expression,
Πij(K) = m2D Cξ
∫
dΩ
4pi
vi
vl + ξ(v · nˆ)nl
(1 + ξ(v · nˆ)2)2
[
δjl(ω − k · v) + vjkl]D−1(K,v, ν) + (iν)m2D Cξ ∫ dΩ′4pi (v′)i
×D−1(K,v′, ν)
∫
dΩ
4pi
vl + ξ(v · nˆ)nl
(1 + ξ(v · nˆ)2)2
[
δjl(ω − k · v) + vjkl]D−1(K,v, ν)W−1(K, ν), (34)
where the Debye mass,
m2D = −
g2
2pi2
∫ ∞
0
dp˜ p˜2
dfiso(p˜)
dp˜
. (35)
is same as given in Eq.(27) and (28). Now as we can see,
Eq.(34) is a tensorial equation and hence one can not
simply integrate it. We need to construct an analytical
form of the gluon self-energy using the available sym-
metric tensors. In the next sub-section II B 1, we shall
construct Πij , analytically and then solve it.
1. Decomposition of self-energy in terms of structure
functions
For isotropic hot QCD plasma we need only the trans-
verse P ijT = δ
ij − kikj/k2 and the longitudinal P ijL =
kikj/k2 tensor projectors to decompose Πij . Due to
presence of anisotropy vector nˆ, we have to take into
account two more projectors P ijn = n˜
in˜j/n˜2 and P ijkn =
kin˜j + kj n˜i [24, 25, 60] where, n˜i = (δij − kikjk2 )nˆj is a
vector orthogonal to ki i.e. n˜ · k = 0. Thus we can de-
compose the self-energy given in Eq.(19) into following
four basis as follows,
Πij = αP ijT + βP
ij
L + γP
ij
n + δP
ij
kn, (36)
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FIG. 5. Imaginary G1-mode dispersion curves for various EoSs at ξ = 0.2, Tc = 0.17GeV and T = 0.25GeV at different ν.
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FIG. 6. Imaginary G2-mode dispersion curves for various EoSs at ξ = 0.2, Tc = 0.17GeV and T = 0.25GeV at different ν.
where α, β, γ and δ are some scalar functions which
are called structure functions. They can be determined
by taking the appropriate projections of the Eq.(19) as
follows,
α = (P ijT − P ijn )Πij , β = P ijL Πij ,
γ = (2P ijn − P ijT )Πij , δ =
1
2k2n˜2
P ijknΠ
ij . (37)
The structure functions mainly depend on k, ω, ξ ν and
k · nˆ = cos θn. In the limit ξ → 0 it can shown that,
α|ξ,ν=0 = ΠT , β|ξ,ν=0 =
ω2
k2 ΠL, γ|ξ,ν=0 = 0, δ|ξ,ν=0 = 0,
where,
ΠT = m
2
D
ω2
2k2
[
1 +
k2 − ω2
2ωk
ln
ω + k
ω − k
]
,
ΠL = m
2
D
[
ω
2k
ln
ω + k
ω − k − 1
]
. (38)
Functions ΠT and ΠL respectively represent the trans-
verse and longitudinal part of the self-energy for
isotropic(ξ = 0) collisionless(ν = 0)case.
2. Structure functions in weak anisotropy limit
In the context of heavy ion collisions the anisotropy pa-
rameter is defined as, ξ = 12
〈P 2T 〉
〈P 2L〉
−1. It is essential to note
that the system we are studying is in near-equilibrium,
and therefore, we are only considering small values of ξ.
In the small anisotropy (ξ < 1) limit all the structure
functions can be calculated analytically. The following
expressions for the structure functions can be obtained
by expanding the Eq.(19) upto linear order in ξ,
α (ω, k, ξ, ν, θn) =
m2D
48k
(
24kz2 − 2kξ (9z4 − 13z2 + 4)+ 2iνz (ξ (9z2 − 7)− 12)− 2ξ cos 2θn(k(15z4 − 19z2 + 4)
+iνz
(
13− 15z2))+ (z2 − 1) (3ξ (kz (5z2 − 3)+ iν (1− 5z2)) cos 2θn + kz (−7ξ + 9ξz2 − 12)
+iν
(
ξ − 9ξz2 + 12) ) ln z + 1
z − 1
)
, (39)
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FIG. 7. Dispersion curve of unstable A-mode for various EoSs at ξ = 0.2, Tc = 0.17GeV and T = 0.25GeV with different ν.
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FIG. 8. Dispersion curve of G1-mode for various EoSs at ξ = 0.2, Tc = 0.17GeV and T = 0.25GeV with different ν.
β (ω, k, ξ, ν, θn) = −
(2k(kz − iν)2) (m2D)
k2
(
ν ln z+1z−1 + 2ik
) (1− 1
2
z ln
z + 1
z − 1 +
1
12
ξ (1 + 3 cos 2θn)
(
2− 6z2 + (3z2 − 2) z ln z + 1
z − 1
))
,
(40)
γ (k, ω, ξ, θn, ν) = −m
2
D
12k
ξ
(
k
(
z2 − 1)− iνz)(4− 6z2 + 3 (z2 − 1) z ln z + 1
z − 1
)
sin2 θn, (41)
δ (ω, k, ξ, ν, θn) =
ξm2D(kz − iν) cos θn
24k2
(
2k − iν ln z+1z−1
)(k (88z − 96z3)+ 8iν (6z2 − 1)+ ln z + 1
z − 1
×
(
12k
(
4z4 − 5z2 + 1)− 10iνz − 3 iν (4z4 − 5z2 + 1) ln z + 1
z − 1
))
, (42)
where z = ω+iνk , and
ln
z + 1
z − 1 = ln
|z + 1|
|z − 1| + i
[
arg
(
z + 1
z − 1
)
+ 2piN
]
. (43)
Here N - corresponds to the number of Riemannian
sheets. In the next section, we shall discuss the formalism
to find the gluonic collective modes.
III. FINDING THE POLES OF THE
PROPAGATOR (COLLECTIVE MODES)
We can also decompose [∆−1(K)]ij appearing in
Eq.(24) as,
[∆−1(K)]ij = (k2 − ω2 + α)P ijT + (−ω2 + β)P ijL
+γP ijn + δP
ij
kn. (44)
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FIG. 9. kmax/ω
LO
p vs ν/ω
LO
p corresponding to A-mode for various EoSs at ξ = 0.2, Tc = 0.17GeV and T = 0.25GeV with
different θn.
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FIG. 10. kmax/ω
LO
p vs ν/ω
LO
p corresponding to G1-mode for various EoSs at ξ = 0.2, Tc = 0.17GeV and T = 0.25GeV with
different θn.
In order to find out the poles of the propagator [∆(K)]ij ,
we first need to know the exact form of [∆(K)]ij . To
achieve that we shall first obtain the inverse of [∆(K)]ij .
We know that if a tensor is exist in a space spanned by
some basis vector (projection operators) then its inverse
should also exist in the same space, therefore we can
also expand [∆(K)]ij in the tensor projector basis as of
[∆−1(K)]ij as follows,
[∆(K)]ij = aP ijL + bP
ij
T + cP
ij
n + dP
ij
kn. (45)
Now, using the relation [∆−1(K)]ij [∆(K)]jl = δil one
can obtain the expression for the coefficients a, b, c, d
which will yield the following result for the propagator
[∆(K)]ij = ∆A(P
ij
T − P ijn ) + ∆G
[
(k2 − ω2 + α+ γ)P ijL
+(β − ω2)P ijn − δP ijkn
]
, (46)
with the poles given by
∆−1A (K) = k
2 − ω2 + α = 0, (47)
∆−1G (K) = (k
2 − ω2 + α+ γ)(β − ω2)− k2n˜2δ2 = 0.
(48)
In the linear ξ approximation we can neglect the term
containing δ2 as it will be of order ξ2, thus we will have
∆−1G (K) = (k
2 − ω2 + α+ γ)(β − ω2) = 0. (49)
∆−1G (K) can further be written as
∆−1G (K) = ∆
−1
G1(k) ∆
−1
G2(k) = 0, (50)
Thus, we have two more dispersion equations,
∆−1G1(K) = k
2 − ω2 + α+ γ = 0, (51)
∆−1G2(K) = β − ω2 = 0. (52)
Note that here we have got three dispersion equations
47, 51 and 52. We call these as A-, G1- and G2-mode
dispersion equations respectively. In the next section,
we analyze the obtained dispersion equation and present
our results. In particular, we explore the instabilities
in collisional QGP in small anisotropy(ξ) and cover the
whole range of θn (i.e., the angle between the propaga-
tion vector(k) and the direction of anisotropy(nˆ)).
IV. RESULTS AND DISCUSSIONS
We solve the dispersion equations (47), (51) and (52)
numerically and discuss the results for the stable and
unstable modes in the subsections IV A and IV B respec-
tively. To distinguish the effects of various EoSs (3-loop
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FIG. 11. kmax/ω
LO
p vs ξ corresponding to A-mode for various EoSs at Tc = 0.17GeV and T = 0.25GeV with different ν and
θn.
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FIG. 12. kmax/ω
LO
p vs ξ corresponding to G1-mode for various EoSs at Tc = 0.17GeV and T = 0.25GeV with different ν and
θn.
HTLpt and Lattice Bazabov et. al, 2014) from ideal EoS
(LO), we normalize the frequency ω and wave-number k
by ωLOp (= mD/
√
3) i.e., the leading order plasma fre-
quency.
A. Stable modes
The results for real part of the stable A-, G1-, and G2-
modes are shown in Fig.1, 2 and 3, while their imaginary
parts are shown in Fig.4, 5 and 6, respectively. These
imaginary parts are coming only because of the collisional
effects. If we consider the collision-less (ν = 0) plasma,
these effects vanish. This has been already shown in
the studies by different groups [11, 24, 59]. We also did
not get the imaginary part of the stable modes for the
collision-less case and hence plotted only for non-zero ν.
In Fig.1 we have plotted the real A-modes at fixed
anisotropy parameter, ξ = 0.2 for the cases when θn is
equal to 0, pi/3 and pi/2, respectively. For each case
we have shown the variation of Re(ωA)/ω
Lo
p with re-
spect to k/ωLop at different values of ν for all three
EoSs. It can be noticed that for each case (men-
tioned above), the three curves which starts from the
value of Re(ωA)/ω
Lo
p nearly equal to unity corresponds
to the ideal EoS where with an increase of the colli-
sion frequency (ν = 0.0, 0.3ωLop , 0.6ω
Lo
p ), the modes are
marginally suppressed. When one consider the non-ideal
EoS the similar pattern repeats but the A-modes get
more suppressed due to the non-ideal effect in compari-
son with the ideal or leading order results. We note here
that HTLpt and the lattice EoS results overlap with each
other for a given ν and it is expected.
In a similar way, we have plotted the real parts of stable
G1-and G2-modes in Fig-2 and Fig.3, respectively. One
can notice by observing Fig-1 and 2, that they do not
differ significantly. This can be understood from corre-
sponding dispersions equations (Eq.(47) and (51)). The
difference is only because of an additional contribution
of the structure constant (γ) that has negligible effect
on the results even for different θn. This is mainly be-
cause of the small dependence of ξ. One can also notice
from Eq.(41) that the structure constant(γ) vanishes at
θn = 0. Hence both the modes overlap which can be
clearly seen in Fig. 2 and 3 for θn = 0. We have also got
almost similar pattern for the stable G2-mode as shown
11
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FIG. 13. kmax/ω
LO
p vs Cos[θn] corresponding to A-mode for various EoSs at ν = 0.1ω
LO
p , Tc = 0.17GeV and T = 0.25GeV .
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LO
p vs Cos[θn] corresponding to G1-mode for various EoSs at ν = 0.1ω
LO
p , Tc = 0.17GeV and T = 0.25GeV .
in Fig.3. However, in case of G2-mode, the behavior is
slightly different after a certain value of k/ωLop as the
dispersion curve becomes space like (Re(ω) < k).
Fig.4 is plotted for imaginary A-mode for the same val-
ues of the parameters ν, ξ and θn as discussed in Fig.1.
In this case, we did not get the negative imaginary modes
for ν = 0.0. Thus, we have plotted the dispersion curves
only for ν = 0.3ωLop , 0.6ω
Lo
p . For the imaginary part of
stable A-mode, one can observe from the Fig.4 that as
we increase the value of ν, we get Im[ω]/ωLOp to be more
negative. The non-ideal effects (effect of EoSs) are caus-
ing the dispersion curve to be less negative as the k/ωLOp
increases though the curves start from the same point.
Here, it can also be noted that the observations at fixed
ξ = 0.2 and different θn (0, pi/3 and pi/2) are quite simi-
lar. This is due to the fact that negative imaginary modes
do not depend on ξ and θ and is a kind of check of our
result that there is no imaginary mode at ν = 0.0.
Similarly, we have plotted the imaginary parts of stable
G1- and G2-modes in Fig-5 and 6, respectively. For G1-
mode we can see that the dispersion curves follow the
same pattern as in the case of A-mode. Here also one can
notice that results for A- and G1-modes does not seem
to differ for the same reason as discussed for the stable
G1 mode. For the G2-mode, unlike the case of A- and
G1-modes one can see that dispersion curves goes down
as we increase k/ωLOp . This is because of the difference
in the behavior of the structure functions.
B. Unstable modes
Unstable modes are the positive imaginary solutions of
ω in the dispersion equations (47), (51) and (52). If we
substitute ω to be purely imaginary i.e. ω = iΓ, it can be
easily seen from Eq.(40) that β > 0. Thus for G2-mode
the dispersion equation (Eq.(52)) that transform to Γ2 +
β = 0, will never be satisfied. This is the similar case as
shown for collision-less (ν = 0) case in earlier studies [11,
24, 59]. Thus out of all three modes there can be only
two unstable modes (A and G1). Here we note that G1-
mode was not reported in Ref.[20]. This was due to fact
that in Ref.[20] only the case θn = 0 was considered (In
this situation the structure function γ vanishes and A-
and G1-modes gets merged). To study unstable A- and
G1-modes we have solved the corresponding dispersion
equations (Eqs.(47) and (51)) numerically and shown our
results in Fig.7 and 8 for the case of weakly squeezed
plasma for non-zero collisional rate (ν 6= 0) at different
angles(θn).
In Fig.7, we have plotted unstable A-mode at fixed
anisotropy, ξ = 0.2 but different angles (θn =
12
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FIG. 15. νmax/ω
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p vs k/ω
LO
p corresponding to A-mode for various EoSs at ξ = 0.2, Tc = 0.17GeV , T = 0.25GeV with different
ξ and θn.
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p vs k/ω
LO
p corresponding to G1-mode for various EoSs at ξ = 0.2, Tc = 0.17GeV , T = 0.25GeV with
different ξ and θn.
0, pi/6, pi/3 and pi/2). In order to see the effect of col-
lisions we have taken the different collisional rate (ν) as
shown in the figure. In a similar way, we have plotted
unstable G1-mode in Fig.8. In both the cases, we find
out that with the increase in ν, the unstable modes sup-
press. The results from both the EoSs are overlapping
but suppressing the instability quicker than LO case. For
the reason discussed earlier, here also the results of A-
and G1-modes are same at θn = 0. As we increase the
value of θn unstable G1-mode suppresses faster than A-
mode. This can be seen from Fig.8 and Fig.7 (see the
case xi = 0.2 and θn = pi/6) by comparing the value of
ΓG1/ω
LO
p with that of ΓA/ω
LO
p at a particular k/ω
LO
p .
The reason is pretty clear here that G1-mode have addi-
tional contribution of structure function γ which tries to
stabilize the modes as we increase θn (because of sin θn
term). However, it is important to note that both the
unstable modes decreases as we increase the value of θn.
As mentioned earlier the unstable modes critically de-
pend on four the parameters k, θn, ν and ξ. Therefore,
for a given set of any three parameters there must ex-
ists a maximum value of fourth parameter (which will
be a function of the remaining three) at which insta-
bility will completely suppress. In the next subsec-
tions IV B 1, IV B 2, and IV B 3, we shall discuss the
suppression of instability at the maximum value of the
parameters k, ν and θn, respectively.
1. Maximum values of the k at which instability completely
suppresses
The maximum values of k (kmax) at which instabil-
ity for modes (A and G1) completely suppressed can
be obtained by substituting ω = 0 in their dispersion
equations. In Fig. 9 we have shown the behavior of
kmax corresponding to A-mode with respect to ν scaled
with ωLOp at different ξ (ξ = 0.1, 0.2 and 0.3) for θn =
0, pi/6 and pi/3. In a similar way the behavior of kmax vs
ν scaled with ωLOp for G1-mode for ξ = 0.1, 0.2 and 0.3 at
θn = 0 and pi/6 is shown in Fig.10. In both the cases we
have found that with the increase in ν, kmax decreases.
The same is the case when we increase θn. Note that un-
like for A-mode, we have not shown the plot of kmax vs
ν scaled with ωLOp at θn = pi/3. This is due to fact that
unstable G1-mode completely suppresses at θn = pi/3 ir-
respective of the value of k. One can also note that with
the increase in anisotropy, value of kmax increases and
hence for higher anisotropy, instability can sustain for
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FIG. 17. νmax/ω
LO
p vs Cos[θn] corresponding to A-mode for various EoSs at Tc = 0.17GeV and T = 0.25GeV .
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FIG. 18. νmax/ω
LO
p vs Cos[θn] corresponding to G1-mode for various EoSs at Tc = 0.17GeV and T = 0.25GeV .
larger k values. At θn = 0, kmax for both the modes is
same but at higher value of θn (θn = pi/6), it suppresses
more for G1-mode. To cross check the above facts, we
have plotted, respectively, Fig. 11 and 12 for unstable
A- and G1-mode for kmax with respect to ξ at different
values of ν and got the similar results. Similarly, we have
plotted Fig.13 and 14 for kmax with respect to Cos[θn]
for A- and G1-mode, respectively. We can observe that
as we move from θn = pi/2 to θn = 0 or from θn = pi/2 to
θn = pi, there is symmetry in values of kmax. This shows
that there is a symmetry in the system for the values
of k, where the instability completely suppress. Also at
θn = 0 and pi, the values of kmax for A- and G1- mode are
overlapping. This was also expected, as discussed earlier,
at θn = 0, γ is zero which lead to the same dispersion
equations of both the modes. For A-mode, one can also
notice that at ν = 0, kmax is going upto θn = ±pi/2
while for G1-mode it is only going upto θn = ±pi/3. Fur-
ther more, in all of the above cases we found that the
results of other EoSs follows the similar pattern as LO
with slightly different numbers.
2. Maximum values of the ν at which instability completely
suppresses
In the similar way as we did for kmax the value of νmax
can also be obtained at the point where the instabilities
completely suppress. In Fig.15 we have shown the behav-
ior of νmax/ω
LO
p for A-mode with respect to k/ω
LO
p for
different ξ (ξ = 0.1, 0.2 and 0.3) at θn = 0, pi/6 and pi/3.
In a similar way, we have plotted Fig.16 for G1-mode at
θn = 0 and pi/6. Here we have found that with the in-
crease in k/ωLOp , νmax/ω
LO
p decreases and also it gives
smaller numbers with the increase in θn. But with the
increase in anisotropy(ξ), it increases. Again the results
for A- and G1-mode are same for θn = 0 but for higher
θn (θn = pi/6), νmax corresponding to G1-mode decreases
faster. In Fig.17 and 18, we have shown the plots of νmax
with respect to Cos[θn] for the parameters mentioned in
the figures. Here also as we move from θn = pi/2 to
θn = 0 or from θn = pi/2 to θn = pi there is symmetry in
values of νmax/ω
LO
p and hence there is a symmetry in the
system. Again the EoSs are following the similar pattern
with slightly different numbers.
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FIG. 19. Cos[θn]max vs ξ corresponding to A-mode for various EoSs at ξ = 0.2, Tc = 0.17GeV and T = 0.25GeV .
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FIG. 20. Cos[θn]max vs ξ corresponding to G1-mode for various EoSs at ξ = 0.2, Tc = 0.17GeV and T = 0.25GeV .
3. Maximum values of the Cos[θn] or θn at which
instability completely suppresses
We again follow the similar procedure to obtain max-
imum values of Cos[θn] as we did for νmax and kmax.
In Fig. 19 and 20, we have plotted maximum possible
value of Cos[θn] with respect to ξ for A- and G1-modes,
respectively with the parameters mentioned in the plots.
In both the cases, we have found that as the anisotropy(ξ)
increases, the value of Cos[θn]max shifted to the smaller
values positive and negative values( or the higher values
of θn maximum). Thus, we can say that higher the value
of ξ, higher will be the value of maximum θn(i.e., towards
θn = pi/2) or lower will be the value of Cos[θn]max(i.e.,
towards Cos[θn] = 0), where the instabilities reach or
exist.
V. SUMMARY AND CONCLUSIONS
We have obtained the analytical results for the gluon
self-energy in terms of structure functions in the pres-
ence of BGK collisional kernel for a hot anisotropic QCD
medium in the small anisotropy limit. The dispersion
equations for collective modes have been obtained regard-
ing the structure functions of the gluon self-energy. We
have studied the stable modes, which are found to have
less affected by the anisotropy. We have also investi-
gated the unstable modes and found that the presence of
anisotropy and the collision frequency profoundly affects
the instabilities of the system. We have incorporated the
QCD medium interaction by exploiting the quasi-particle
description of the hot QCD equations of state concerning
quark and gluon effective fugacities in their distribution
functions. The EoSs include 3-loop HTLpt and a very
recent Lattice EoS along with ideal EoS.
It turns out that the results obtained for collective
modes are very close (irrespective of any change in
anisotropy parameter and collision frequency) for first
two EoSs and differ significantly in numbers with the
case of ideal EoS. This suggests us that the interactions
affect the modes significantly (temperature dependence).
Hence the instabilities in QGP is found to have a high
impact of collisional frequency and anisotropy and also
have directionality dependence.
To get a more closer picture to the experiments, one
can also observe the behavior of collective mades while
subsuming the non-local BGK kernel. This will be taken
up in near future.
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